
Peripheral structures in unlabelled trees and inference about autopolyploids.
Fatemeh Pouryahya and David Sankoff

University of Ottawa, Canada

Background

Virtually all known flowering plants evidence at least one polyploidization event in their lin-

eage. In their genomes, it may be relatively easy to recognize all the ξ sets of n homeologous

chromosomes, but it is much harder, if not impossible, to partition these chromosomes into n
subgenomes, each representing one distinct genomic component of ξ chromosomes making

up the original polyploid.

We suggest that despite of lacking a consistent 1-1 correspondence between the chromosomes

in different sets, the topological structure of the trees may display sufficient resemblance so that

a higher level consensus could be revealing of evolutionary history. This would be especially

true of the peripheral structures of the tree, likely representing events that occurred more

recently and have thus been less obscured by subsequent evolutionary processes.

We present a statistical test to assess whether the subgenomes in a polyploid could have been

added one at a time. The null hypothesis is that the accumulation of chromosomes follows

a stochastic process in which transition from one generation to the next is through randomly

choosing an edge, and then subdividing this edge in order to link the new internal vertex to a

new external vertex.

The model

Consider a stochastic process defined on full-binary free unlabelled trees such that transition from

one generation to another is by subdividing a randomly chosen edge and linking the new internal

vertex to a new terminal vertex.

Paired terminals

•The probability distribution of paired terminals
satisfies the following bivariate recurrence:
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•If we define G(x, y) :=
∑
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P2i,nx2iyn with G(x, 0) = 0 and G(0, y) = 0, it satisfies:

(xy − x3y)Gx(x, y) + (y2 + x2y2 − 2y)Gy(x, y) = (3y − 5)G(x, y) − 3x4y4 (2)

Triples

•Marginalization over the number of pairs.
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•The Pm,k,n satisfies:
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Other peripheral structures

Quadruples

Type I

•Marginalization over pairs and of triples:
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•Pf,m,k,n satisfies the following recurrence:
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Type II

•Marginalization over pairs and triples:
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•Pe,m,k,n satisfies the following recurrence:
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Asymptotic behaviors

Polyploidization in S. officinarum

Saccharum officinarum [1] has 80 chromosomes in all, partitioned into 10 sets, each of which

consists of 8 homeologous chromosomes, and there is no known subgenome structure.

For each set of homeologous chromosomes, we first compile all gene families, sets of 8 paralogous

genes one on each chromosome, that have no other paralogous links within the set or elsewhere.

Because of the extensive pattern of missing genes and ambiguous paralogy, however, there are

actually few complete gene families with 8 replicates. To address this, we extend our study to

gene families with only 7 or 6 replicates.

The framework

The phylogenetic reconstruction in each gene family was based on bipartitions shared by the

largest number of gene trees. Thus, we paid careful attention to the statistically fair weighting of

bipartitions coming from the 6,7 and 8-replicate cases.

•For each homeologous chromosome set Ci, let m(i) be the number of gene families that has

been extracted. For each gene family of n′-replicate, we calculate its maximum likelihood phy-

logeny, and then the set of all non-trivial bipartitions dij = {d
ij
1 , ..., d

ij
ρj} of full 8-replicate that

are compatible with the computed phylogeny. We assign a weight ω
ij
k to each new non-trivial

compatible bipartition such that:

1. The new set of compatible non-trivial bipartitions must support all possible bipartitions

fairly.

ω
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∀1 ≤ k1 6= k2 ≤ ρj (9)

where Λij
k is the number of all full-binary trees with n′ terminals with which d

ij
k is compatible.

2. The new set of bipartitions dij must contribute a total weight of 1 to the formation of the

consensus tree; thus, we let
ρ∑

k=1
λ

ij
k ω

ij
k = 1 (10)

where λ
ij
k is the number of all bipartitions in the set dij such that there is same number of

Λij
k full-binary trees compatible with them.

•To get the consensus trees, We apply a greedy strategy that promises a better consensus tree

when the subsequent compatible bipartitions belong to the same former gene-tree.

Result and conclusion

•In contrast to most phylogenetic analyses, our calculations involved unlabelled unrooted trees,

because there is no matching between the different sets of homeologous chromosomes. Enu-

meration involving unlabelled unrooted trees is notoriously difficult, but we have succeeded in

developing easily computed recurrences for the expected number of occurrences of small struc-

tures on the periphery of the tree.

•We apply our analysis to data on sets of homeologous genes from the sugarcane species Sac-

charum officinarum. We examined the probability of observing such phylogenetic trees under the

null hypothesis the assumption that the phylogeny was generated by the one-branch-at-a-time

model. The results were statistically significant for all the peripheral substructures based on the

Multinomial Exact Test ( P-value < 0.05).

Consensus tree topology

Frequency 6 1 3

•Indeed, even though we have not specified any alternative hypothesis, the results are sugges-

tive of one or two successive whole genome doublings underlying the gene similarity data. And

although our null hypothesis is motivated by known examples of subgenomes being recruited on

at a time, other null hypotheses may be equally reasonable in particular contexts.
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